Planar graphs without 3-cycles at distance less than 4 and without 5-cycles are proved to be 3-colorable. We conjecture that, moreover, each plane graph with neither 5-cycles nor intersecting 3-cycles is 3-colorable. In this conjecture, none of the two assumptions can be dropped because there exist planar 4-chromatic graphs without 5-cycles, as well as planar 4-chromatic graphs without intersecting triangles. r
Introduction
As proved by Garey et al. [1] , the problem of deciding whether a planar graph is 3-colorable is NP-complete. Therefore, it seems wise to discuss only sufficient conditions for a planar graph to be 3-colorable. As early as 1969, Havel [3] asked if there existed a constant C such that each planar graph with the minimal distance between triangles at least C was 3-colorable. In 1976, Steinberg conjectured that each planar graph without 4-and 5-cycles was 3-colorable (see Problem 2.9 [4, 5] ). Both problems remain widely open. One of the purposes of this paper is to pose the following. Conjecture 1.1. Every planar graph without intersecting 3-cycles and without 5-cycles is 3-colorable.
This [Bordeaux 3-color] conjecture if true is best possible in the sense that there exist 4-chromatic planar graphs without intersecting triangles (as shown by Havel [3] , see Fig. 1 ) and also those without 5-cycles (see Fig. 2 ).
We also pose the following [strong Bordeaux] conjecture, which implies both Conjecture 1.1 and Steinberg's one: Conjecture 1.2. Every planar graph without adjacent 3-cycles and without 5-cycles is 3-colorable.
(By intersecting (adjacent) triangles we mean those with a vertex (an edge) in common.) Our second purpose is to make the first step in the direction of Conjectures 1.1 and 1.2. Theorem 1.3. Every planar graph with neither 3-cycles at distance less than 4 nor 5-cycles is 3-colorable.
Informally speaking, this result shows that the ''intersection'' of Havel's and Steinberg's problems has a positive solution, i.e., each graph satisfying both Havel's and Steinberg's assumptions is 3-colorable. It also says that the main difficulty in Havel's problem is hidden in the 5-cycles. Finally, it is the first positive result on 3-coloring that involves the minimal distance between triangles.
It was easier for us to prove the following fact: Theorem 1.4. Every proper 3-coloring of a face of size 3 or 7 in a connected plane graph that has neither a pair of 3-cycles at distance less than 4 nor a 5-cycle can be extended to a proper 3-coloring of the whole graph. 3 represents two graphs such that the 3-coloring of the outside 6-face cannot be extended to the whole graph.
To deduce Theorem 1.3 from Theorem 1.4, suppose that G is a counterexample to Theorem 1.3 on the fewest vertices. Clearly, G is connected and by Gro¨tzsch's theorem [2] has a 3-cycle, which is clearly a 3-face, f ; by the minimality of G: By Theorem 1.4, a 3-coloring of f can be extended to a 3-coloring of G:
This formulation of Theorem 1.4 is not the strongest possible. As observed by a referee, (i) putting at least two vertices of degree 2 on an edge of the outside faces in Fig. 3 gives counterexamples with precolored faces of arbitrary size greater than 7 and, on the other hand, (ii) the problem of 3-color extension from a 4-face is reduced to that from a 7-face by putting three vertices of degree 2 on a boundary edge of the 4-face.
We denote the degree of a vertex v by dðvÞ and the size of a face f by rðf Þ (bridges are counted twice); a k-vertex is that of degree k; a Xk-vertex has the degree at least k; etc.
2. Proof of Theorem 1.4
Properties of a minimal counterexample
Let T be the minimum number of 3-cycles in the counterexamples to Theorem 1.4, and let N be the minimum number of vertices in the counterexamples having T cycles of length 3. Finally, let G have the fewest edges among the counterexamples to Theorem 1.4 having T 3-cycles and N vertices.
Suppose that a proper 3-coloring j of a face f 0 in G cannot be extended to a proper 3-coloring of G: W.l.o.g., suppose that f 0 is the outside face. Denote the boundary of f 0 by
(1) f 0 is a 7-face. Otherwise, we put four vertices of degree 2 on a boundary edge of the 3-face f 0 and extend j to the new vertices. The graph G 0 obtained has fewer 3-cycles, is connected, and has neither 3-cycles at distance less than 4 nor 5-cycles. It follows, j can be extended to G 0 ; which gives also a proper 3-coloring of G: (2) G is 2-connected; in particular, G has no 1-vertices. Thus D is a simple cycle, and it is contained in a block of G: Hence, there is a pendant block B of G; with a cut-vertex v; such that ðB À vÞ-D ¼ |: The graph G 0 obtained from G by deleting B À v has a 3-coloring that extends j: In turn, B is 3-colorable, either by the Gro¨tzsch theorem, or by the minimality of G; and we can choose a color for v in B the same as in G 0 : These two 3-colorings give a suitable 3-coloring of G:
D is a simple 7-cycle without chords. Indeed, if D has a chord then, due to the absence of 5-cycles in G; this chord splits D into a 3-cycle and a 6-cycle. We delete the chord and extend j to the remaining graph by the edge-minimality of G: The 3-coloring obtained is proper also for G:
(5) G has no separating 3-cycles and 7-cycles. If such a separating cycle S exists, we first extend j from D to G À IntðSÞ; and then extend the obtained 3-coloring of the outside face S of G À ExtðSÞ to the whole G À ExtðSÞ (either by the minimality of G or by the Gro¨tzsch theorem).
The following properties (5+) of G are easy consequences of (1-5) and will be used throughout the proof without reference.
(5+) (a) Every 3-cycle is actually a 3-face, (b) each simple 7-cycle is either a 7-face or consists of a 3-face adjacent to a 6-face, (c) no 3-face is adjacent to a 4-cycle, and (d) no 3-face can share two edges with another face. (6) Each 4-face has a vertex in common with D: Suppose f ¼ wxyz is a face inside D: First observe that identifying x with z (or y with w) within f does not create a 3-cycle: this follows from the absence of 5-cycles in G:
Now suppose y is a vertex of f whose distance, rðyÞ; from the triangles of G is the least as compared to w; x and z; and let T be a triangle at distance rðyÞ from y: Recall that f cannot share an edge with a 3-cycle. If rðyÞ is at most 1, then the distance from x and z to T is 4rðyÞ due to the absence of 5-cycles in G (see Figs. 4 and 5 ). Hence rðyÞ ¼ 1 implies rðxÞX2 and rðzÞX2; and if rðyÞ ¼ 0 then each of x; z lies at distance 1 from T and at distance at least 3 from each other 3-face of G:
It follows that in both cases identifying x with z does not create a pair of triangles at distance less than 4.
We next show that identifying x with z does not create a 5-cycle xv 1 yv 4 : Suppose the contrary, and by symmetry between y and w (the minimality of y is not used anymore) we can assume w.l.o.g. that y lies non-strictly inside the 7-cycle zwxv 1 yv 4 : Due to (5), y must coincide with one of v 1 ; y; v 4 ; but this is impossible due to the absence of 5-cycles.
Hence, identifying x with z cannot create a 5-cycle or a pair of 3-cycles at distance less than 4. Also observe that since neither x nor z belongs to D by assumption, it follows that the coloring j of D remains proper, because there are only two ways to spoil j by contraction: (i) to identify two vertices of D colored differently, or (ii) to join by an edge two vertices of D colored the same.
So, identifying x with z yields a graph G n which has a 3-coloring that extends j; and this coloring trivially gives a 3-coloring of G that extends j; a contradiction.
(7) G cannot have a 4-face sharing two consecutive edges with D: Suppose f ¼ wxyz is a 4-face such that fx; y; zgAD: Then weD because of the absence of 5-cycles in G: We extend j to w by putting jðwÞ ¼ jðyÞ: Clearly, j is still proper since w cannot be adjacent to a vertex from D À fx; zg due to the absence of 5-cycles. So, j can be extended from the outside face of G À y to the whole G À y; which immediately gives a 3-coloring of G; a contradiction. Due to the same argument as in proving (6) 4 (we simply delete the edge zd 4 ).
Thus, we can extend j to the graph with x and z identified, and hence to G itself; a contradiction.
(9) If a 3-vertex y is incident with a 6-face f ¼ xyzw 1 w 2 w 3 and a 3-face f 0 ¼ xyt; where fx; y; zg-D ¼ |; then: (a) dðtÞ43; and (b) either dðxÞ43 or tAD:
We first prove that (c) the third face f 00 ¼ tyzy incident with y has size 6.
To this end, let us observe that deleting y followed by identifying x with z does not create a 3-cycle due to the absence of 5-cycles in G: Next, observe that due to the presence of the 3-face f 0 ; this operation does not create two 3-cycles at distance less than 4. Since both x and z are inside D; their identification does not affect the coloring j of D: Thus, the only obstacle for identifying x with z is creating a 5-cycle xv 4 yv 1 : Suppose this has happened and consider the two cases.
Case 1: The path w 1 w 2 w 3 lies non-strictly inside the 7-cycle xyzv 1 yv 4 : Due to (5), all w i 's, where 1pip3; must coincide with some of v j 's, where 1pjp4: Clearly, w 1 av 2 because of the absence of two 3-faces at distance at most 1. If w 1 coincides with v 3 or v 4 ; we have a 5-cycle. Hence, w 1 ¼ v 1 ; and, by symmetry, w 3 ¼ v 4 : Then w 2 coincides with v 2 or v 3 ; and we have a 3-cycle too close to f 0 ; a contradiction. Case 2: t lies non-strictly inside the 7-cycle xyzv 1 yv 4 : Similarly, t must coincide with one of v 1 ; y; v 4 : However, tav 4 readily implies the presence of two adjacent 3-faces or a 5-cycle in G:
This completes the proof of (c). Now we have a symmetric configuration shown in Fig. 6 . To prove (a), suppose dðtÞ ¼ 3 (by (2-4), dðtÞX3) . Then t cannot lie in D; for otherwise x would be in D:
As follows from proving (9c), the only non-separating 7-cycle going through x and z goes also through t: We thus delete t along with y and destroy this last obstacle for identifying x with z:
So, identifying x with z followed by deleting y and possibly t; yields a graph which has a 3-coloring that extends j; and this coloring trivially gives a 3-coloring of G that extends j: if t was deleted, we first color t and then y; otherwise we just color y:
This completes the proof of (a).
To prove (b), suppose that teD: Then we apply (9) symmetrically, i.e., to the face f 00 ; which is a 6-face as proved in (c), rather than to f : (Now the roles of t and x are interchanged.) It follows from the symmetric version of (a) that dðxÞ43:
No minimal counterexample can exist
The rest of our proof consists in proving that the structural properties (1-9) of G are mutually incompatible. Euler's formula jV ðGÞj À jEðGÞj þ jF ðGÞj ¼ 2 for G may be rewritten as X We set the initial charge of every vertex v of G to be chðvÞ ¼ dðvÞ À 4; that of every face f af 0 to be chðf Þ ¼ rðf Þ À 4; and also set chðf 0 Þ ¼ rðf 0 Þ þ 4: Clearly, X xAV ðGÞ,F ðGÞ
Now we use the discharging procedure, leading to the final charge ch n ; defined by applying the rules R0-R5 below. Since this procedure preserves the total charge, we have X xAV ðGÞ,F ðGÞ ch n ðxÞ ¼ 0:
The rest of our proof will consist in showing that ch n ðxÞX0 whenever xAV ðGÞ,F ðGÞ; and ch n ðf 0 Þ40; with the obvious final contradiction ð040Þ: 
R5. Each X8-face f af 0 gives ðrðf Þ À 8Þ=2 to f 0 :
R0.
R1.
R2.
R3.
R4.
R5. If rðf Þ ¼ 3; then its initial charge is À1 and f receives either by R0, so that ch n ðf ÞX0: (If f appears in R4, then f can only win from that in total.) If f ¼ wxyz; i.e., rðf Þ ¼ 4; then its initial charge is 0. By (6), f has a vertex, say y; in common with D: Then neither x nor z belongs to D due to (8) and (4) . It follows that dðyÞX4 and f receives 1 from y by R4. After giving 1 3 by R1 to at most three incident vertices, f has ch n ðf ÞX0: (By the absence of 5-cycles, f cannot give 1 2 according to R1 or give anything to a neighbor 3-face by R0.)
We now consider the most difficult case rðf Þ ¼ 6: Suppose f ¼ v 1 yv 6 and recall that the initial charge of f is 2. Also recall that f af 0 does not give anything to vertices of degree greater than 2 from D: If our f is not adjacent to a 3-face, then f gives at most 1 3 to at most six vertices by R1, R2 so that ch n ðf ÞX2 À 1 3 Â 6 ¼ 0: So suppose there is a 3-face f 0 ¼ tv 1 v 2 : Such a face is unique, and it has only one edge v 1 v 2 in common with f : If each of v 1 and v 2 has degree greater than 3 or belongs to D (and thus has degree at least 3, being incident with a 3-face), then f only gives 2 3 across v 1 v 2 by R0 and at most 1 3 to at most four vertices by R1, and we are done. We can thus assume that dðv 2 Þ ¼ 3 and v 2 eD: Now f sends at most This completes the proof for rðf Þ ¼ 6: The next case is rðf Þ ¼ 7: Now f still is adjacent to at most one 3-face, and so can give at most across an edge implies giving nothing to the two incident vertices of degree at least 4, so in fact ch n ðf ÞX0: Now suppose f ¼ v 1 yv r ; where rX8: We want to partition all the donation of f to the vertices by R1, R2 and across the edges by R0 into r groups, associated with the incident vertices of f ; so that the total donation per group were at most 1 2 : Along with the donation of ðr À 8Þ=2 to f 0 by R5, this will yield ch n ðf ÞXr À 4 À r=2 À ðr À 8Þ=2 ¼ 0:
Formally, we define these groups as follows. If f gives Recall that D ¼ d 1 yd 7 and chðf 0 Þ ¼ rðf 0 Þ þ 4 ¼ 11: We show that f 0 either sends away less than 11 in total or loses precisely 11 but acquires at least 3 2 by R5. By R2, f 0 gives 5 3 to each incident 2-vertex. By R3, f 0 gives 1 to each incident X3-vertex. Since GaC 7 and G is 2-connected, it follows that D has at least two X3-vertices. The total donation of f 0 is thus at most 2 3 þ 1 Â 2 þ 5 3 Â 5 ¼ 11; i.e., ch n ðf 0 ÞX0: Moreover, the equality can hold only if D is adjacent to a 3-face and incident with five 2-vertices. But then the only non-triangular face f adjacent to f 0 has at least four internal vertices due to the absence of 5-cycles and intersecting 3-faces in G: Thus rðf ÞX7 þ 4 ¼ 11; so that f sends to f 0 at least ð11 À 8Þ=240 by R5.
Due to the remark before formulating rules R0-R5, this completes the proof of Theorem 1.4.
